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INTRODUCTION 
Let M be a complete Riemannian manifold of nonnegative Ricci 
curvature Ric(M) 2 0. I showed in [2] that the Green’s function 
G(m, xl = J-l? P,( m, X) dt (p, is the heat diffusion kernel on M) exists (i.e., is 
<+co) if and only if 
L(r) = L,(r) =iirn vol itc,,,, dt< +m, r > 0, 
where B,(m) is the metric ball of radius r and center at m. 
In this paper I shall prove the following 
THEOREM. Let M be a complete Riemannian manifold of non-negative 
Gaussian curvature, and let us assume that L(r) < +oo (r > 0). Then for 
every m E M there exists C > 0 depending on m (and M of course) such that 
G(m, 4 < c 
L,(r) ’ ’ 
Vm # x E M, d(m, x) = r, 
where of course d(., a) denotes the Riemannian distance. 
Let me recall here the key facts about manifolds that we shall need. Let M 
be such a manifold and let m E M be fixed, there exists then 0 < cp E C(M) 
with the following properties: 
(i) rp is convex, i.e., the sets C, = [‘p < t] are totally geodesically convex 
and we have aC, = ]q = t], 
(ii) v, is Holder continuous, i.e., ]q(x) - cp(x’)] < d(x, x’) Vx, x’ E M and 
ldq = 1 a.e. on M; and 
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(iii) q(m) = 0 and 
ad(x, m) < v(x) < 24x, m) 
for all x E M such that d(m, x) > l/a, where 0 < a < 1 is a constant 
depending on m. 
The construction of such a function is due to Cheeger, Gromoll, Meyer 
[5, 61. Property (iii) is due to Greene and Shiohama [8, Lemma 4.21. 
1. A GEOMETRIC LEMMA 
Let M be a non-negatively curved complete Riemannian manifold and let 
us fix 0 E M. In this paragraph, to avoid repetition, I shall reserve lower case 
Greek letters a, /3, y, E for positive constants that depend only on M and the 
choice of 0. We have then 
PROPOSITION. Let M and 0 E M be as above and let us suppose that M 
has only one end at infinity (cf: [5] for definition). Then there exist j?, E > 0 
such that for all R > /3 and any choice of x, y E M that satisfy 
R < d(0, x) < (1 + e)R, R < d(O, y) < (1 + &)R, 
we can find r = (r(t); 0 ,< t < 1) a smooth path in M with the properties 
I-(0)=x, Z(l)= y; TnB,(O)=a; Irl<PR. 
1 ] indicates here the length of the path. The hypothesis that M has only 
one end at infinity is equivalent to the fact that M is not isomorphic to 
IR x K, where K is compact and F? is the real line (cf. [6]). That condition is 
therefore automatically guaranteed to hold if we suppose that L(r) < +oo 
(r > 0). (Indeed if M z R X K then Vol B,(m) -At as t -+ co for some 
A > 0.) The first thing to do is to fix some a, as in the Introduction such that 
~(0) = 0; ad@, x) < (D(X) < 2d(O, x), Vx E M, d(0, x) > l/a, 
for some a > 1 for which the sets C, = [u, < t] are totally convex. It is then a 
consequence of classical Morse theory (cf. [7]), or of even more direct 
methods (cf. [S]), that X, are connected sets (t > 0). This is all that will be 
needed from v, at this stage. 
Now E, p (0 ( E 4 1; p + 1) will be constants that will be chosen in the 
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course of the following discussion. Let R >/I be fixed; let x, y E M be such 
that 
R < d(0, x) < R(l + E), R < 40, Y) < R( 1 + F), 
and let xj be a minimal geodesic joining x to y. 
If sn B,, = 0 we simply set r = Xy and we are done (i.e., the conditions 
of our proposition are verified). So we may suppose that p E Xyf? B,(O). 
We shall show under this hypothesis (provided that E is small enough and /I 
large enough) that a r can be constructed that satisfies the conditions of our 
proposition. 
The first step is to show that it is possible to construct r, = 
(r,(t); 0 < t < 1 } a continuous path such that 
J-,(O) = x, Z-,(l) = y; yR < d(p, r,(t)) < (1 + lOc)R, o<t< 1, 
for some y > 0. Indeed (for E small enough and /3 large enough) we can find 
q1 3 q2 c XY n 3cca,2jR (act,,,,, = [(D = (a/2)R]) such that 
3& c-3 c(a,2>R = 919 42Yn c (ffl2)R = 42. 
Let also r2 c Xta,2,R be any continuous path that joins q1 to q2. We then 
have our ri simply by setting r1 = WV r2 u q,Y (with y = l/lOOcr). It 
follows that a point z E r, exists such that 
d(x, z) = d( y, z) = L > (1 - E)R. (1.1) 
(The last inequality follows by the triangle inequality since by our hypothesis 
we have lxy 12 2(1 - E)R.) Let us then join z to p by a minimal geodesic zp 
which satisfies then 
yR < lZp[ < (1 + 10c)R. (1.2) 
We also have, by the triangle inequality, 
I (1 - 2c)R < IpXl < (1 + 2c)R I (1 -2s)R<lml<(l +2c)R . (1.3) 
The next thing to observe is that we have 
I 30”- loo& < Q@,px< 120” f loo& (1.4) -- 30” - loo& ,< slzp, py < 120” + loo& I . 
Indeed both the above left-hand-side inequalities follow from Toponogov’s 
theorem (cf. [ 1, Chapter 21) applied to the geodesic triangles (pz, zx, xp) and 
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(pZ, q’, Yp) together with the estimates (l.l), (1.2), and (1.3). The right- 
hand-side inequalities follow then automatically. We are finally in a position 
to prove that the path r= XrUZy is disjoined from B@(O) and this complete 
the proof of our proposition. 
Indeed, assume by contradiction that ZnB,(O) # 0. This, by the 
triangle inequality, gives 
lxpl + lpzl - pi5 < 100&R. 
This, by Topogonov’s theorem again, and (1. l), (1.2), (1.3), forces 
-- <zp, px 2 180” - 1000s (1.5) 
provided that E is small enough. (1.5) contradicts (1.4) and completes the 
proof of the proposition. 
2. THE RADIAL NATURE OF THE GREEN'S FUNCTION 
Let M be a complete Riemannian manifold of non-negative Ricci 
curvature and let u be a positive function that is defined and harmonic on 
M\O, where 0 is some fixed point on M, we have then 
where C is a constant that only depends on dim M = n. This inequality was 
proved in [2] in the case when 0 was a pole by the use of an appropriate 
conformal metric. The proof I give below is even simpler. Let r = d(0, m), 
then u is harmonic in B,(m), the open ball of center m, and radius r (2.1) is 
then a consequence of Theorem 6 in (41 (observe, however, that the above 
theorem is anything but easy to prove). We have then 
PROPOSITION. Let M be a complet Riemannian manifold of non-negative 
Gaussian curvature and let 0 E M be a fixed point and let u be a positive 
harmonic function on M\O. There exist then C > 0 (depending on 0) such 
that 
where we assume that 
(2.3) 
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ProoJ 
It suffices to prove (2.2) under the weaker condition, 
where E > 0 is allowed to depend on M and 0. For then by iteration we get 
(2.3). 
But under this weaker condition we can join x to y by a path that satisfies 
the conditions of the proposition in Section 1. If we integrate then Log u 
along that path and use (2.1) we obtain our proposition. 
3. PROOF OF THE THEOREM 
Since we allow the constant C of the theorem to depend on m it is clear 
that (0.1) only has to be proved for d(m, x) + 0 and for d(m, x) + fco. The 
proof of (0.1) when d(m, x) + 0 follows from the proposition in Section 2 by 
exactly the same proof as in [3, Section 31. So it will not be repeated. It 
suffices therefore to prove the estimate for d(m, x) + +co. 
Let rp and C, = [u, < t] be as in the Introduction. The first thing to observe 
is that there exists A > 0 (depending on M and m) such that 
f Vol c, ,< Vol B,(m) < A Vol c,. 
This is an immediate consequence of a theorem of Bishop that asserts that 
Vol B,,(m) < 2” Vol B,(m) (t > (4, 
(cf. [2, 11 I). It follows in particular that we can replace L(r) by 
n(r) = ]I”’ vol;c,) dt (r > 0). 
Let us next denote A, = Czf \C,, just as in [ 3, Section 3 1, and we need to 
show that 
VolA,~CVolC, vt > c, (3.1) 
for some C that depends on M and m. Once this is done we just have to 
imitate (verbatim) the proof of [3, Section 31 and we are done. The details 
will be left to the reader. 
POSITIVELY CURVED MANIFOLDS 175 
The problem with proving (3.1) is of course that cp is not C” (not even 
C’) but only Lipschitz. Still the so-called coarea formula holds (cf. 17, 
Section 3.2.111) and for any t, < t, we have 
(3.2) 
where CJ~ _ i denotes the n - 1 dimensional Hausdorf measure induced by the 
Riemannian metric (cf. [ 7, Section 3.2.461). 
We also know that ]dq] = 1 a.e. (property (ii), so (3.1) follows from (3.2) 
and the “fact” that u ._,([a,=a])~u,-,([u)=P]) for a c/3. The above 
“fact” (which is well known when p E Cm) should be a consequence of the 
convexity of (o. I have been unnable, however, to find a reference for that 
“fact.” Rather than cook up a proof myself I shall proceed differently. Let o 
satisfy condition (i), (ii), and (iii) of the Introduction, let q > 0 be fixed, and 
let K c [q > 1 ] be a compact subset; the claim then is that we can obtain a 
regularizing family {o, E C”; 0 < E < sD} that satisfies 
(a) Hess 9,(X,X) > -q IX]* VX E T,,,M, Vm E K, 
(b) 9, + a, uniformly on K, 
Cc> ldv,lfOonK 
(d) I44 < CV’E, I&el-*c-ro 1, a.e. on K where C only depends on rp 
and K. 
(a), (b), and (d) are contained in [lo]. (c) is the thorny point and it is 
obtained by means of the “transversal fields” of Greene and Shiohama in 
[9]. The details will be left to the reader. 
Now back to the proof of (3.1). If K in (a), (b), (c), and (d) is chosen 
sufficiently large it follows that for the above regularization we have 
Vol[t, < v)e < t21 E’OI Vol[t, < (D 
d 
ZU”Pl (Iv, = [I> 2 -wn-l(l(D, = tlh 
where q > 0 is preassigned and where t, t,, t, are 
< t2L (3.3) 
O<E<Eo, (3.4) 
any fixed numbers in a 
preassigned interval [2, T]. (3.4) follows from (a) by standard methods 
(cf. [ 12, Theorem 2.4.111) and it implies that 
un-r(lV1, = tl> 
u,p,([ul, =f] 2 e-q”-“’ (3.5) 
for t, t’ E [2, T], t > t’. 
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Let us then apply the coarea formula (3.2) to qE. We obtain, then, 
)lfl< m <,21 I@,/ d~=ji2u,~,(lyl,=tl)dt. ‘I 
(3.5) gives us that 
(3.6) 
provided that t, - t, = t, - t, > 0, and that f,, t,, t, E 12, 7J. 
If we let E + 0 in (3.6) and keep (d) and (3.3) in mind we obtain (3.1) 
provided that t, , t,, t, are appropriately chosen and v < 1/T. 
This completes the proof. 
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